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ABSTRACT 

A universal integrable hierarchy underlying topological Landau-Ginzburg models 
of D-type is presented. Like the dispersionless Toda hierarchy, the new hierarchy 
has two distinct ("positive" and "negative") set of flows. Special solutions corre- 
sponding to topological Landau-Ginzburg models of D-type are characterized by 
a Riemann-Hilbert problem, which can be converted into a generalized hodograph 
transformation. This construction gives an embedding of the finite dimensional 
small phase space of these models into the full space of flows of this hierarchy. 
One of fiat coordinates in the small phase space turns out to be identical to the 
first "negative" time variable of the hierarchy, whereas the others belong to the 
"positive" flows. 



1. Introduction 



Recent progress in Landau- Ginzburg models of topological strings [1] has revealed 
an unexpected link with theories of singularities and integrable hierarchies. In the 
absence of gravitational couplings (i.e., in the so called "small phase space"), these 
models of topological strings are reduced to a class of topological conformal field 
theories. Sophisticated mathematical concepts in singularity theory, such as "flat 
coordinates," "higher residue pairings" and "Gauss-Manin systems " [2] are now- 
recognized as very useful tools for studying this class of topological conformal field 
theories [3]. These tools are also recently applied to an explicit construction of 
"gravitational descendents" in topological strings [4]. If gravitational couplings 
are turned on, flows in the space of gravitational couplings obey an integrable 
hierarchy of "Whitham type" or "hydrodynamic type" [5]. This is a place where 
the theory of integrable hierarchies plays a key role. 

Relation to integrable hierarchies takes a particularly simple form in topological 
strings of A-type and D-type [1]. The simplest and most well understood is the 
case of models of A-type. These models are reahzed as special solutions of the 
dispersionless generalized KdV hierarchies. Thus the dispersionless KP hierarchy 
[6] emerges as a universal hierarchy of these models. The second simplest case 
consists of models of D-type. The Landau-Ginzburg potential of D-type contains 
two fields, but one of them can easily be eliminated by simple Gaussian path 
integral. Apart from an extra term, the reduced potential in the small phase space 
is essentially a special case (or an "orbifold" ) of A-type models. Flows in the space 
of gravitational couplings, however, remain to be studied. Naturally, no universal 
integrable hierarchy has been identified. 

We present in this paper a new integrable hierarchy that underlies these topo- 
logical Landau-Ginzburg models of D-type. Our construction implements, from the 
very beginning, an infinite number of integrable flows besides those in the small 
phase space. These flows should be identifled with flows of gravitational couplings. 
Actually, the universal hierarchy is comprised of two distinct sets of flows (so to 
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speak, "positive" and "negative" flows) just like the dispersionless Toda hierarchy 
[7]. Remarkably, an exceptional coordinate "t*" [1] of the small phase space can 
be identified with the first negative fiow; this clearly explains why it is exceptional. 

Even apart from the relation to topological Landau-Ginzburg medels, our new 
hierarchy possesses in itself a number of interesting aspects as we now show below. 
Let us start from exhibiting general properties, then turn to topological Landau- 
Ginzburg models. 



2. Lax formalism of new hierarchy 



The new hierarchy resemble both the dispersionless Toda hierarchy [7] and the 
dispersionless BKP hierarchy [8] , lying thus in between. (Actually, the KP hierar- 
chy has a C-type version, CKP, besides the B-type version [9]. They turn out to 
have substantially the same dispersionless limit.) Its Lax representation, like the 
dispersionless Toda hierarchy, consists of four sets of Lax equations of the form 



dL dC 

Ot2n+l Ot2n+l 

dt ^ dC 

= {^2n+l,>C}, = {B2n-hl,>C}, n = 0, 1, . . . , 



dt2n+l dt2n+l 

describing two sets of flows in two sets of time variables t — {ti,ts, . . .) and t 
{ii:hi • • •)■ The classical counterparts of L-operators 



n=l 

oo 

l^J2^2nk^"^\ UOy^O, (2) 



n=0 



are Laurent series in another variable k. The classical counterparts of S-operators 
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are given by 



where 

( )>o : projection onto /c^, . . . , 

( )<-i : projection onto k~^,k^^, (4) 

Unlike the dispersionless Toda hierarchy, however, £ and £ contains only odd 
powers of k. This is a reason that only "odd" time variables are permitted. Fur- 
thermore, the Poisson bracket, too, is different and given by 

, , dAdB OAdB 

(The Poisson bracket in the dispersionless Toda hierarchy is defined for a rescaled 

lattice coordinate s and its canonical momentum p) These characteristics are rather 
reminiscent of the dispersionless BKP (or CKP) hierarchy. In fact, the first set of 
Lax equations, including £ and t only, is nothing but the dispersionless BKP hier- 
archy. The new hierarchy is thus a straightforward extension of the dispersionless 
BKP hierarchy by the "negative" flows t. 

As in other dispersionless integrable hierarchies, one can now introduce another 
set of Laurent series 

oo oo 

'-2n-2 



M = 5^(2n + l)t2n+l>C2" + V2n+2C- 

n=0 n=0 

oo oo 

M = - J](2n + 1) Wi^C-^'^-^ + W2£2^ (6) 



n=0 n=0 

that satisfy the Lax equations 

dM dM 

^{B2n+l,M}, TT: = {B2n+l,M}, 



dt2n+l dt2n+l 

dM - dM 

^{B2n+l,M}, = {B2n+uM}, n = 0, 1, . . . (7) 



dt2n+l di2n+l 
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and the canonical Poisson relations 



{C,M} = {jC,M} = 1. (8) 

Note that these M and Ai contain only even powers of C and C. (This definition of 
Ai slightly differs from our previous notations for the dispersionless BKP hierarchy 
[8]; the above A4 amounts to AiC^^ in the notation used therein.) As already 
pointed out in the case of other dispersionless hierarchies and sclfdual gravity [10], 
this kind of extended Lax formalism is a key to a Riemann-Hilbert problem method. 

3. Riemann-Hilbert problem 
The extended Lax representation can be rewritten into the 2-form equation 

djO A dM = dC A dM = oo, (9) 

where 

00 oo 

u; = ^ dB2n+l A dt2n+l + ^ dB2n+l A di2n+l ■ (10) 
n=0 n=0 

Note that u includes the symplectic 2-form in the {k, x) — {k, ti) space: 

dBiAdti^dkAdx. (11) 



The above 2-form equation implies that {jC,A4) and (C^M.) are two sets 
of "Darboux coordinates" of u; and hnked by a functional relation of the form 
("Riemann-Hilbert problem") 

l^fiCM), M^giCM), (12) 

where f{X,ii) and g{X, n) are subject to the symplectic condition 
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i.e., gives a symplectic (or area-preserving) diffeomorphism. Furthermore, in view 
of the parity of £, C (odd) and Ai (even) under k — >• — /c, one has to impose 
the extra condition 

/(-A,/.) = -/(A,//), g{-\^i)^g{\,ii). (14) 

The last condition, conversely, ensures that solutions of the above Riemann-Hilbert 
problem indeed give solutions of the hierarchy in question (as far as only "odd" 
time variables are retained). 

4. S'-FUNCTIONS AND FREE ENERGY 

Our goal here is to show the existence of a potential F ( "free energy" ) along with 
two auxiliary functions S and S. The construction is parallel to those of the 
dispersionless Toda hierarchy. A key role is played by the residue formulas 



1^ = res , = res (c^^^'d^B^n^,) , 

CC2n+l k Ot2n+l ^ \ J 

= res £ dkB2n+i) , = res £ 5^^271+1 , (15) 

Ot2n+l k \ J dt2n+l k \ J 



where " res;;," means the formal residue in k: 

res V] a^A;"' = a_i. (16) 

Technical details for deriving these and subsequent formulas are almost the same 
as the case of the dispersionless KP hierarchy [11]. 

As a consequence of (15) and a few basic properties of the formal residue 
operator, one can show the relations 

^t'2m+2 _ dv2n-V2 dv2m+2 _ dv2n+2 

dt2n+l dt2m+l' dt2n+\ dhm+l 

dv2m+2 ^ dv2n+2 ^^^-^ 
dt2n+l dt2m+l 
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This implies the existence of a potential F that reproduces V2n and V2n as: 

OF dF ^ 

= V2n+2, = -V2n+2- (18) 



dt2n+l dt2n+l 

Another consequence of (15) is an explicit expression of of B2n+i and B2n+i as 
Laurent series of C and C. To see this, let us consider the formal residue operators 
res£ and res^ with respect to C and C. They are connected with res^^ as: 

reSvC"'^ xesC^djfC = Sn-ii 

res>C"- res£''dkC = Sn-i. (19) 
By use of these relations, one can derive from (15) the following formulas. 

^"^"^ 2m + 1 dt2n+l 

1 9v2m+2 £2m+l 

„ 2m + 1 dt2n+i 



m=0 

oo 



R 1 dv2m+2 r-2m-\ 

^ 2m + 1 9t2n+i 



oo 



^£-2n-l , 1 ^'?)2m+2 ^2m+l /2Q^ 

^„2m + 19f2n+i 
In particular, one obtains two expressions of Bi — k: 

oo oo 
Bi^jC + J2 /2n/:-2-+l = J2 hnJC''^+' (21) 



71=1 n=0 



where 



Actually, these expressions of Bi = k give an inversion of the maps k C and 
k ^ C respectively. Solving them with respect to C and C once again, one can 
express U2n and U2n in terms of derivatives of F. For instance. 

The above definition of f2n and f2n can be rewritten 

We shall see in the next section that these quantities are directly related to flat 
coordinates of Landau-Ginzburg models. 

Finally, let us define the S'-functions 



n=0 n=0 

oo oo 



S = Y: hn+iC-'^-' + E (25) 

n=0 n=0 ^ 

As a consequence of (6) and (20), they satisfy the 1-form equations 

•oc oo 

dS ^MdC + E B2n+ldt2n+l + E B2n+ldi2n+l, 

n=0 n=0 

oo oo 

dS ^MdC + E B2n+ldt2n+l + E B2n+lC?^2n+l- 
n=0 n=0 

Exterior differentiation of these equations reproduces 2-form equation (9). 
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5. Topological Landau-Ginzburg models 



The Djv Landau-Ginzburg potential is a polynomial of two fields X and Y: 

XN-I T ^-1 
W{X, Y) = + -Xy2 + ^ g^^X^—^ + UY, (26) 

n=l 

where • • g2N-2 depend on N — 1 deformation variables (^1,^3, . . . ,t2iV-3); 

is the last deformation variable. (Our notation slightly differs from physicists' 
convention. Our ti, . . ., t2Af-3 correspond to physicists' Iq, . . ., t2Af-4i up to suitable 
rescaling.) As pointed out by Dijkgraaf et al. [1], the field Y can be eliminated by 
Gaussian path integral or, equivalently, by solving the relation dyWlX, Y) = 0. 
Upon substituting 

X = Z^, (27) 

the reduced potential is given by 

WUZ) = 1^ + E 92nZ'''-'-~' + g2NZ-\ (28) 

n=l 

where 

g2N = -\tl (29) 

The reduced potential consists of two parts, 

W,,A{Z) = WQ{Z)+g2NZ-'', (30) 

the first part Wq{Z) being interpreted as a subfamily of deformations of the A2Ar_3 
Landau-Ginzburg potential. The first A'' — 1 deformation variables (ti, . . . , t2JV-i) 
are identical, up to rescaling by constants, to the corresponding A2iv-3 flat co- 
ordinates. The status of remains rather obscure in the work of Dijkgraaf et 
al. 
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We now show how to interpret the reduced Landau-Ginzburg model 14^i.cd(^) 
as a special solution of our hierarchy. A very similar interpretation is recently pre- 
sented by Eguchi et al. [12], however their treatment is limited to the small phase 
space. Our construction of solution is a generalization of our previous treatment 
of A-type models [11], and can cover all {t,i) flows simultaneously. A Riemann- 
Hilbert problem lies in the heart of this construction. 

The Riemann-Hilbert problem in this case takes the following form. 

r2N~2 r-2 



2N-2 -2 'S^)- ^^-'"^'-M^' (Sfi)- (31) 

This Riemann-Hilbert problem does not take the standard form of (12), but the 
essence is the same. Note that the maps (V, Q) and {C,Xi) (V, Q) 

are both symplectic. Therefore, if one can solve the above Riemann-Hilbert prob- 
lem, the four functions C, M., C, Xi satisfy the relation 

dCAdM^dVAdQ^dCA dM, (32) 

which implies that they give a solution of the hierarchy. 

The above Riemann-Hilbert problem, hke the case of A-type models, can be 
reduced to a set of equations whose solvability is ensured by the implicit function 
theorem. The first equation of (31) simply means that V is an even Laurent 
polynomial of k of the form 

,2iV-2 N 

^^l^+E^^n^''^"'^-^ (33) 
n=l 

The coefficients olV, C and C obey algebraic relations of the form 

2Ar-3 2 

92 ^U2, 54=M4H — U2,..., 



g2N^~Uo'^, g2N-2 = Uq^U2, ■ ■ ■ , (34) 
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which can uniquely be solved for U2n and U2n- The second equation of (31) requires 
technically more involved calculations. We first separate it into the ( )<_i-part 
and the ( )>o-part. This results in the following equations. 



N-2 



5] ^ J2 v,,C-'--2N+3 

n=0 n=l 

oo oo 

- 5] (2n + l)t2n+i(>C2-2^+3)^_^ _ J2(2n + l)£2n+i(>C-2-+i)<_i(35a) 

n=N-l n=l 

oo 

- he + ^ t)2n>C2-+l 

n=l 

CX3 OO 

- (2n+l)W(>C'""''^+')>o-E(2^+l)^'2n+i(>C-2-+i)>o. (35b) 



n=N-l 



n=l 



By means of formal residue calculus, we can rewrite these equations into equations 
of Laurent coefficients. Eq. (35a) can thus be decomposed into 



(2n + l)t2n+l = - Yl + l)t2r.+l res [(£2— 2iV+3)^_^^-2n+2iV-45^^ 



m=N-l 

oo 



5^(2m + l)W res {C-^'^+^)<-iJC- 



■2n+2iV-4 



dkC 



m=l 

for n = 0,l,...,A^-2, and 



(36) 



V2r 



Y (2m + l)t2m+i res [(£2--2^+3)<_i£2n+2iV-45^^ 

m=N-l 



(2m + l)£2m+i res (£" 
k 



2-+l)<_i/:2n+2iV-4^^^ 



(37) 



m=l 



for = 1,2, Eq. (35b) can, similarly, be decomposed into 

00 

£i = - Yl (2™ + l)*2m+i res [(£2--2iV+3)^Q£-25^^- 

m=iV-l 

oo 

- V(2m+ l)t2m+i res [(£-2^+i)>oi:-2afc/ 

— • k I 



(38) 
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and 



00 



V2n= Yl (2m+l)t2m+l res[(£2— 2iV+3)^^^-2n-2^^^ 

m=N-l 

oo 

+ V (2m + l)i2m+i res \{£-'''^+^)>o£-^''-^dkJC\ (39) 

^-^ k L J 

m=l 

for n = 1,2, These equations give a D-type version of the generahzed hodo- 

graph transformation of A-type models [11]. The first half, (36) and (38), of these 
equations are to determine g2, ■ ■ ■, g2N (hence JC and C, too) as implicit functions 
of t and t. The implicit function theorem indeed ensures the existence of a unique 
solution in, for instance, a neighborhood of the submanifold 

t2N-l = ~ 2iV - 1 ' ^2iV+l = t2N+3 = • • • = 0, 

4 = 4 = ■ ■ ■ = 0. (40) 

The rest of Eqs. (37) and (39), give a considerably complicated, but explicit 
expression of V2n and V2n- 

It is exactly on this submanifold, (40), that the reduced Landau-Ginzburg 
potential Wj^ediZ) is reproduced upon identifying Z — k and Wred(-^) — T^- In 
other words, this submanifold is nothing but the small phase space of the Djv 
model. To see this, note that Eqs. (36) and (38) are simplified on this submanifold 
as: 

(2n + l)t2n+l = -hN-2n-2 (n = 0, . . . , AT - 2) , 

ii = k = UQ^. (41) 

The first relation tells that the t variables coincide, up to rescaling constants, 
with fiat coordinates of the A2iv-3 model restricted to the subspace t2n — 0, thus 
reproducing the result of Dijkgraaf et al. [1]. The second relation, meanwhile, 
shows that 

U = ^1- (42) 
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[Compare the two expressions of g2N in (29) and (34). In view of the above 
relation between ii and uq, one can readily derive (42).] Thus, the somewhat 
distinct deformation variable turns out to be identical to the first "negative" 
time of our hierarchy. 

Let us finally note that the above construction can be extended straightforward 
to a more general case (with two discrete parameters N and N) of the form 

r2N-2 r-2N+2 

^ ^ MC-^''+^ ^ MC^''-\ (43) 



27V - 2 -2N + 2 



In view of the general classification program of topological conformal field theories 
by Krichever and Dubrovin [5], these solutions, too, deserve to be studied from a 
physical point of view. 

6. Conclusion 

Our results are divided into two parts. In the first part, the new hierarchy is 
introduced and general properties are specified. The hierarchy itself, in one hand, 
resembles the dispersionless Toda hierarchy in the sense that it consists of two 
distinct sets of flows. The "positive" flows, on the other hand, are substantially the 
same as the dispersionless BKP (or CKP) hierarchy. In the second part, topological 
Landau- Ginzburg models of D-types are identified with special solutions of this 
hierarchy. These solutions are characterized by a Riemann-Hilbert problem, which 
can be converted into a generalized hodograph transformation. 

Several new aspects of D-type models are revealed in these results. For in- 
stance, one can clarify the status of the somewhat distinct deformation variable 
in these models. In fact, turns out to be identical to the first "negative" time 
variable of the hierarchy, whereas the other variables ti, . . ., t2N-3 belong to the 
"positive" flows. The finite dimensional small phase space with these "flat coordi- 
nates" are now embedded into the full space of flows of the hierarchy. The time 
variables other than ti, . . ., t2N-3 and ti should be interpreted as gravitational 
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couplings. Furthermore, although lacking physical interpretation, more general 
solutions with two discrete parameters are shown to be constructed in the same 
manner. 

We add a few comments. 

1. As already pointed out by Dijkgraaf et al. [1], topological Landau-Ginzburg 
models of D-type are related to Drinfeld-Sokolov hierarchies of D-typc. The hier- 
archy of {D^j^\cq) type in their table, indeed, turns out to reproduce the t flows 
of Wred{Z) (or of V) in dispersionless (or quasi-classical) limit. Deriving the i 
flows remains to be solved. This issue seems to require a suitable extension of the 
Drinfeld-Sokolov theory. 

2. An infinite dimensional Lie algebra called Doo and an associated integrable 
hierarchy are presented by Jimbo and Miwa [13]. This is a D-type version of 
the KP hierarchy. The D^j^^ algebras are included in Dr^ as subalgebras, and 
associated reductions are shown (at least at the level of Hirota bilinear equations) 
to agree with the Drinfeld-Sokolov (-D^'' , cq) hierarchies. Furthermore, remarkably, 
the hierarchy consists of two sets of flows like the (t, t) flows of our hierarchy. Thus, 
the hierarchy of Jimbo and Miwa will presumably be a "dispersionful" counterpart 
of our hierarchy. 

The author would like to thank Takashi Takebe for many useful comments. 
He is also grateful to Dr. Yasuhiko Yamada for hospitality at a KEK seminar on 
topological fleld theories and period integrals. This work is partly supported by 
the Grant-in- Aid for Scientiflc Research, the Ministry of Education, Science and 
Gulture, Japan. 
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